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1 Introduction
Noncommutative geometry [10] is a vibrant field of mathematics whose essential principle lies
in the duality between spaces and commutative algebras, so that the properties of spaces can
be algebraically characterized. Then, a noncommutative algebra can be seen as corresponding
to some “noncommutative space”. This very rich way of thinking allows generalizing classical
notions and theorems of usual geometry, and it is sometimes possible to prove new results for
differential geometry in this more general noncommutative framework (for instance the classi-
fication of foliations of the torus [23]). In this point of view, the noncommutative analogs of
groups are quantum groups [31, 22].
As productive examples of noncommutative algebras, deformation quantization [4] consists
in introducing a deformed product on the space of smooth functions C∞(M) on a Poisson
manifold M . This product depends on a deformation parameter θ so that θ = 0 yields the
usual commutative product on C∞(M). There is thus possibility of studying deformations with
a formal deformation parameter (see in particular [20]) or a non-formal one (θ ∈ R).
In the case of a symplectic Lie group G, to any left-invariant formal deformation on C∞(G)
is associated a Drinfeld twist [12] on the universal enveloping Hopf algebra U(g) of the Lie
algebra of G. Then, such a twist F ∈ U(g) ⊗ U(g)[[θ]] deforms also any U(g)-module-algebra
A; this is called a universal deformation formula (UDF). The external symmetries of the UDF
correspond thus to the twisted Hopf algebra on which the deformation of the algebras A are
module-algebras (see [13]).
For non-formal deformation quantization of Lie groups in the smooth setting, there are only
few available examples. Rieffel [24] built the deformation of Abelian groups and the associated
UDF. This was also recently extended to non-Abelian Ka¨hlerian Lie groups [6, 7].
Coming from another direction, supergeometry [21, 29] is a mathematical theory in which the
objects are supermanifolds involving, besides the usual commuting coordinates, also anticom-
muting coordinates (Grassmann variables). The algebra of smooth functions of a supermanifold
is then Z2-graded commutative. Supergeometry was applied to various domains of mathematics
and in physics.
It is then natural to ask whether a noncommutative supergeometry corresponding to non-
commutative geometry with Z2-grading does exist and possess nice properties. Noncommutative
algebraic geometry developed fruitfully this graded approach with projective schemes [2]. A
work in the direction of noncommutative Q-manifolds was also achieved in [28]. In [16] we built
some geometric tools such as noncommutative differential calculi, connections, for algebras with
more general grading and interpreted as “noncommutative graded spaces”. More recently, we
constructed a non-formal deformation quantization of Abelian Lie supergroups in [5]. It was
initially motivated by physics since a renormalizable scalar quantum field theory on the Moyal
space can be interpreted with the star-product of the superspace Rm|1 (see [15, 5]), as well as
its associated gauge theory [16, 14]. In this deformation, we had to introduce the notion of
C*-superalgebra in order to implement the UDF associated to the Heisenberg supergroup. This
notion has nice properties and should be the natural object of noncommutative supergeometry
at the topological level.
The corresponding notion of quantum group in noncommutative supergeometry should be
called “quantum supergroup”. Some algebraic definitions of quantum supergroups were already
given (see e.g. [22]). In this paper, we introduce this notion in the context of topological Hopf
superalgebras.
To this aim, we first look at the external symmetries of the UDF associated to the deformation
of the Abelian Lie supergroups. We indeed find a non-nuclear Fre´chet-Hopf superalgebra H
whose comodule-algebras are deformed by the twist of the UDF and which corresponds to the
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external symmetries.
As external symmetries form quantum groups in general, properties of H lead us to a Fre´chet
definition of quantum supergroups and of their representations. This definition is actually a
direct extension of Kostant’s definition [21] of supergroups without the supercommutativity
condition.
We then study three examples of Fre´chet quantum supergroups. First, the Clifford alge-
bra that is topologically trivial as finite-dimensional. The second example uses the UDF of
the Abelian Lie supergroups to deform a class of solvable (non-nilpotent) Lie supergroups into
Fre´chet quantum supergroups. We introduce an analog of Kac-Takesaki operator for such quan-
tum supergroups and show that it satisfies the pentagonal equation, but it is superunitary and
not unitary. Finally, we construct Fre´chet quantum supergroups with supertoral subgroups and
exhibit their multiplicative superunitary operators.
Note that the definition and properties of C*-quantum supergroups are currently under study,
but the Fre´chet framework presented here - even though not nuclear - is much less constrained
and could be useful in some cases where the C* notion is not available.
2 Non-formal deformation of superspaces
2.1 Supergeometric setting
We start with some recalls about the concrete approach of supergeometry developed by DeWitt,
Rogers, Tuynman,... (see [11, 27, 29]). The essence of this approach consists of replacing the
basis field R by a real supercommutative superalgebra A in all the geometric constructions.
Let A = ∧V , where V is a real infinite-dimensional vector space. Then, A = A0 ⊕A1 is a
Z2-graded commutative algebra with
∀a, b ∈ A : ab = (−1)|a||b|ba,
where |a| ∈ Z2 denotes the degree of the homogeneous element a, and the expression is extended
by linearity to inhomogeneous elements of A. Moreover, it satisfies A/NA ' R, where NA
denotes the ideal of nilpotent elements of A. We denote by B : A → R the quotient map by NA,
and call it the body map. Actually, the explicit form of the algebra A is not important here,
only its above properties play a role. Moreover, no topology is needed for A here, the Fre´chet
topology will appear at the level of the superfunctions on the involved supermanifolds.
Definition 2.1 (superspace) The superspace of (graded) dimension m|n is defined as Rm|n :=
(A0)m × (A1)n. It involves m even (commuting) coordinates and n odd (anticommuting) coor-
dinates in the canonical basis. The body map can be applied on each even coordinate and is
also denoted by B : Rm|n → Rm.
Moreover, if m is even, this superspace can be endowed by the even symplectic structure
associated to the matrix ω =
(
ω0 0
0 21l
)
of size (m + n) in the canonical basis, with ω0 =(
0 1l
−1l 0
)
of size m. 
The DeWitt topology of Rm|n can be constructed as follows. A subset U of Rm|n is called
open if BU is an open subset of Rm and U = B−1(BU), namely U is saturated with nilpotent
elements. It is of course not a Hausdorff topology.
The smooth functions on Rm|0 = (A0)m can be defined as associated to elements of C∞(Rm).
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Definition 2.2 To any smooth function f ∈ C∞(Rm) one can associate the function f˜ : Rm|0 →
A0 defined by: ∀x ∈ Rm|0 = (A0)m, with x = x0 + n, x0 = B(x) ∈ Rm and n ∈ Rm|0 a nilpotent
element,
f˜(x) =
∑
α∈Nm
1
α!
∂αf(x0)n
α,
with the usual notations for the multi-index α. Note that the sum over α is finite due to the
nilpotency of n. 
Definition 2.3 (smooth superfunctions) Let U be an open subset of Rm|n. A map f :
U → A is said to be smooth on U , and written f ∈ C∞(U), if there exist unique functions
fI ∈ C∞(BU) for all ordered subsets I of {1, . . . , n}, such that ∀(x, ξ) ∈ Rm|n (x ∈ Rm|0 and
ξ ∈ R0|n),
f(x, ξ) =
∑
I
f˜I(x)ξ
I ,
where ξI denotes the ordered product of the corresponding coefficients. This means that, if
I = {i1, . . . , ik} with 1 < i1 < · · · < ik ≤ n, then ξI :=
∏
i∈I ξ
i = ξi1ξi2 · · · ξik , and we take as
a convention: ξ∅ = 1. We extend this definition in the usual way to functions with values in a
superspace. 
For any two (ordered) subsets I = {i1, . . . , il} and J = {j1, . . . , j`} of {1, . . . , n} we define
ε(I, J) to be zero if I and J overlap; if I ∩ J = ∅, we set ε(I, J) to the parity of the list
(i1, . . . , ik, j1, . . . , j`), defined as −1 raised to the number of transpositions needed to put it in
increasing order. This function satisfies
ε(I, J) = (−1)|I||J |ε(J, I), ε(I, J ∪K) = ε(I, J)ε(I,K) if J ∩K = ∅. (2.1)
As a consequence, we have: ξI ·ξJ = ε(I, J)ξI∪J . The smooth superfunctions then satisfy
C∞(Rm|n) ' C∞(Rm)⊗∧Rn. We recall the Lebesgue-Berezin integration for superfunctions:∫
Rm|n
dz f(z) =
∫
Rm
dx f{1,...,n}(x).
With this definition of smooth superfunctions and the DeWitt topology, it is possible to
define supermanifolds and Lie supergroups (see [11, 27, 29]).
Definition 2.4 (supermanifold, Lie supergroup) Let M be a topological space.
• A chart of M is a homeomorphism ϕ : U → W , with U an open subset of M and W an
open subset of Rm|n, for m,n ∈ N.
• An atlas of M is a collection of charts S = {ϕi : Ui →Wi, i ∈ I} where
⋃
i∈I Ui = M and
∀i, j ∈ I, ϕi ◦ ϕ−1j ∈ C∞(ϕj(Ui ∩ Uj),Wi)0.
• If M is endowed with an atlas, we define its body as:
BM = {y ∈M, ∃ϕi/ y ∈ Ui and ϕi(y) ∈ BWi},
and the body map B : M → BM on each subset Ui by: B|Ui = ϕ−1i ◦ B ◦ ϕi.
• M is called a supermanifold if it is endowed with an atlas such that BM is a real manifold.
• Let M be a supermanifold. A function f on M is called smooth, and written f ∈ C∞(M),
if for any chart ϕi in an atlas for M , f ◦ ϕ−1i ∈ C∞(Wi).
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• A Lie supergroup is a supermanifold G which has a group structure for which the multi-
plication is a smooth map. Consequently, the identity element of the supergroup has real
coordinates (it lies in BG), and the inverse map is smooth. 
The algebra C∞(M) of smooth superfunctions on a supermanifoldM carries a structure of Z2-
graded Fre´chet superalgebra for the pointwise product (see Lemma 2.18 of [5]). A supermanifold
M of dimension m|n is called trivial if there exists a supermanifold M0 of dimension m|0 such
that M ' M0 × R0|n. Note that BM0 = BM and that M0 is totally determined by BM . In
particular, it can be showed (see [29]) that every Lie supergroup has an underlying structure of
trivial supermanifold.
Note that the superspace Rm|n has a structure of Abelian supergroup. Its law can be ex-
pressed as
∀(x, ξ), (y, η) ∈ Rm|n : (x, ξ)·(y, η) = (x+ y, ξ + η).
2.2 The star-product
The construction of the deformation quantization of the symplectic superspace Rm|n (see Defini-
tion 2.1) has been performed in [5] if m is an even integer. Let us recall here the corresponding
Rm|n-invariant star-product. Its expression is given by the von Neumann formula extended to
the graded setting: for x ∈ Rm|0, ξ ∈ R0|n (we write (x, ξ) ∈ Rm|n),
(f1 ? f2)(x, ξ) = κ
∫
dx1dξ1dx2dξ2 f1(x1, ξ1)f2(x2, ξ2)
e
−2i
θ
(ω0(x1,x2)+ω0(x2,x)+ω0(x,x1)+2ξ1ξ2+2ξ2ξ+2ξξ1), (2.2)
where κ = (−1)n(n+1)2 (iθ)n4n(piθ)m is a normalization factor while θ is the deformation parameter.
This product is defined on smooth superfunctions with compact support (i.e. its body
support is compact) but it is possible to extend it to a larger algebra by using the method of
oscillatory integrals. Let us introduce the space
B(Rm|n) = B(Rm)⊗
∧
Rn
of complex-valued bounded smooth superfunctions with every derivative bounded. It is a gen-
eralization of the space B(Rm) of Schwartz to the graded setting. Endowed with the seminorms
|f |α = sup
x∈Rm
{
∑
I
|DαxfI(x)|} (2.3)
and the pointwise product, this space is a Fre´chet superalgebra. See e.g. [18, 19] for close
examples of Fre´chet superalgebras and related analysis.
The oscillatory integrals give a meaning to expressions like1
∫
dxidξi e
iω0(x1,x2)f(x1, ξ1, x2, ξ2)
for a (non-integrable) function f ∈ B(R2m|2n). Let us define the operator O by
(O·f)(x1, ξ1, x2, ξ2) = (1−∆(x1,x2))
( 1
1 + x21 + x
2
2
f(x1, ξ1, x2, ξ2)
)
,
for a smooth superfunction f with compact support and where ∆(x1,x2) denotes the Laplacian
with respect to the variables (x1, x2) ∈ Rm × Rm. An integration by parts shows that∫
dxidξi e
iω0(x1,x2)f(x1, ξ1, x2, ξ2) =
∫
dxidξi e
iω0(x1,x2)(Ok·f)(x1, ξ1, x2, ξ2), (2.4)
1we adopt the notation dxidξi := dx1dξ1dx2dξ2 . . . .
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for any k ∈ N. Moreover, there exist (bounded) functions bα ∈ B(R2m) such that
(Ok·f)(x1, ξ1, x2, ξ2) = 1
(1 + x21 + x
2
2)
k
∑
α∈N2m, |α|≤2k
bα(x1, x2)D
αf(x1, ξ1, x2, ξ2). (2.5)
As a consequence, for any f ∈ B(R2m|2n), there exists an integer k such that (Ok·f) ∈ L1(R2m|2n).
Thus, the oscillatory integral of f is given by the RHS member of (2.4). With this notion, the
formula (2.2) defines an associative product on B(Rm|n).
2.3 Universal deformation formula
In this subsection, we consider an action of the supergroup Rm|n on a Fre´chet algebra (A, |·|j):
ρ : Rm|n × (A⊗A)→ (A⊗A),
satisfying the conditions:
• ρ0 = id; ∀z1, z2 ∈ Rm|n, ρz1+z2 = ρz1ρz2 .
• ∀z ∈ Rm|n, ρz : (A⊗A)→ (A⊗A) is an A-linear automorphism of algebras.
• By writing z = (x, ξ) ∈ Rm|n, we can expand the action as: ρ(x,ξ)(a) =
∑
I ρx(a)Iξ
I ;
∀a ∈ A, ∀I, x 7→ ρx(a)I is A-valued and continuous.
• There exists a constant C > 0 such that
∀a ∈ A, ∀I, ∀j, ∃k, ∀x ∈ BM, |ρx(a)I |j ≤ C|a|k.
We notice that the star-product (2.2) can be trivially extended to A-valued superfunctions
BA(Rm|n) that are bounded with every derivative bounded. Note that this space is also Fre´chet
for the seminorms |f |j,α = supx∈Rm{
∑
I |DαfI(x)|j}.
With the action ρ, we can deform the product of A by this extended star-product.
Definition 2.5 (smooth vectors) The set of smooth vectors of A for the action ρ is defined
as
A∞ = {a ∈ A, ρa := z 7→ ρz(a) is smooth on Rm|n}. 
We recall the following Lemma proved in [5].
Lemma 2.6 The set of smooth vectors A∞ is dense in A. Moreover, for any a ∈ A∞, the map
ρa lies in BA∞(Rm|n).
This means that we can now form the star-product of ρa and ρb, for a and b smooth vectors.
Proposition 2.7 ([5]) The expression a?ρ b := (ρ
a ?ρb)(0), for a, b ∈ A∞, yields an associative
product on A∞. Endowed with the seminorms
|a|j,α := |ρa|j,α = sup
x∈Rm
{
∑
I
|Dαρx(a)I |j},
(A∞, ?ρ) is a (noncommutative) Fre´chet algebra.
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It turns out that the star-product (2.2) can be rewritten as
(f1 ? f2)(x, ξ) = κ
∫
dx1dξ1dx2dξ2 f1(x1 + x, ξ1 + ξ)f2(x2 + x, ξ2 + ξ)e
−2i
θ
(ω0(x1,x2)+2ξ1ξ2).
Then, we can write directly the twist F : A∞⊗A∞ → A∞⊗A∞ associated to the deformation
F = κ
∫
Rm|n×Rm|n
dz1dz2 e
− 2i
θ
ω(z1,z2)ρz1 ⊗ ρz2 , (2.6)
with z = (x, ξ) ∈ Rm|n and where ρ replaces the translation for a general action ρ on an algebra
A. Denoting by µ0 : A ⊗A → A the undeformed product of A, we can express the deformed
product of Proposition (2.7) as µF := µ0 ◦F , namely, µF (a⊗ b) = a?ρ b. The expression (2.6) is
also called the universal deformation formula of the supergroup Rm|n as it can deform a dense
subspace A∞ of every algebra A on which Rm|n acts (with some regularity assumed at the
beginning of this section).
We can now show new properties regarding the twist of this deformation. Let us recall the
definition of the projective tensor product [17] of two Fre´chet algebras (A, |·|j) and (B, |·|k). It is
the completion of the algebraic tensor product A⊗B for the family of seminorms: ∀c ∈ A⊗B,
pij,k(c) = inf
{∑
i
|ai|j |bi|k, c =
∑
i
ai ⊗ bi
}
, (2.7)
where the infimum is taken over all decompositions c =
∑
i ai ⊗ bi. This completion is denoted
by A⊗̂piB.
Proposition 2.8 The twist F is a continuous endomorphism on the projective tensor product
of A∞ with itself: F ∈ L(A∞⊗̂piA∞).
Proof Let c ∈ A∞ ⊗A∞. Then,
pij,α;k,β(F (c)) = inf{|
∑
i
F (ai ⊗ bi)|j,α,k,β}
where c can be written as
∑
i ai⊗ bi, and the infimum is taken over all such decompositions. By
using the definition of oscillatory integral (2.4), and defining the partial operators
(Oz1 ·f)(z1, z2) =
1
1 + x21
(1−∆x2)f(z1, z2), (Oz2 ·f)(z1, z2) =
1
1 + x22
(1−∆x1)f(z1, z2), (2.8)
with zi = (xi, ξi) ∈ Rm|n, we obtain
pij,α;k,β(F (c)) = inf
∣∣∣κ′ ∫ dz1dz2e− 2iθ ω(z1,z2)Ok1z1Ok2z2 ∑
i
ρz1(ai)⊗ ρz2(bi)
∣∣∣
j,α,k,β
≤ inf |κ′|
∑
i,I,J
∫
dx1dx2
1
(1 + x21)
k1(1 + x22)
k2
∑
γ,δ
|bγ1(x1)bδ2(x2)||Dγρx1(ai)I |j,α|Dδρx2(bi)J |k,β
in the notation of (2.5), if I, J are summed over {1, . . . , n} with some conditions, and for κ′ a
constant. By definition of the seminorm,
|Dγρx1(ai)I |j,α = sup
x3∈Rm
{
∑
K
|Dαx3ρx3(Dγx1ρx1(ai)I)K |j}.
Since ρ is a group action, we can deduce that
ρx3(D
γ
x1ρx1(ai)I)K = (−1)|I||K|ε(I,K)Dγx1ρx1+x3(ai)I∪K . (2.9)
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We then choose sufficiently large numbers k1 and k2 such that there exists a constant C > 0
with
pij,α;k,β(F (c)) ≤ C inf
∑
i,γ,δ
|ai|j,α+γ |bi|k,β+δ = C
∑
γ,δ
|c|j,α+γ,k,β+δ,
where the sum on multi-indices γ, δ ∈ Nm satisfies the constraint |γ| ≤ 2k1 and |δ| ≤ 2k2. The
last inequality shows that F is continuous on A∞⊗̂piA∞. 
Example 2.9 If we take A = B(Rm|n) and ρz(f)(z′) = f(z + z′), then the space of smooth
vectors is A∞ = B(Rm|n) and the product µF corresponds to (2.2). 
There are a lot of other examples, like the actions of Rm|n over a certain class of continuous
superfunctions on the trivial supermanifolds on which Rm|n is acting (see [5]).
2.4 External symmetries of the deformation
To introduce the external symmetries of the deformation or of the twist F , we need the notion
of topological Hopf algebra, endowed with a Fre´chet topology.
Definition 2.10 A Fre´chet-Hopf algebra is a Hopf algebra H endowed with a Fre´chet topol-
ogy, such that the algebraic operations - product, unit, coproduct, counit and antipode - are
continuous maps for the Fre´chet structure and for a given topological tensor product on H.
Given a Fre´chet-Hopf algebraH with topological tensor product ⊗̂HH , as well as a topological
tensor product ⊗̂AH betweenH and a Fre´chet algebra A that has itself another topological tensor
product ⊗̂AA; we say that A is a comodule-algebra of H if it is an algebraic comodule-algebra
of H, if the coaction can be continuously extended to
A→ A⊗̂AHH
and if the three topological tensor are compatible, i.e. if the flips involved in the axioms of a
comodule-algebra are continuous for the Fre´chet structures (see Lemma 2.13 for an example).
In the context of superspaces, we can introduce the following Fre´chet-Hopf algebra. Let
H := B(Rm|n) with its Fre´chet topology (2.3). We introduce a topological tensor product
different from the projective one, denoted by τ , as follows. We define A⊗̂τH to be the completion
of the algebraic tensor product for the family of seminorms of BA(Rm|n):
τj,α(f) = |f |j,α = sup
x∈Rm
{∑
I
|DαfI(x)|j
}
. (2.10)
One can then see that H⊗̂τH ' B(Rm|n ×Rm|n) and by definition, A⊗̂τH ' BA(Rm|n). On H
we consider the standard Hopf algebra structure, whose algebraic operations can be continuously
extended for the tensor product τ :
• the product µ : H⊗̂τH → H defined by µ(f1 ⊗ f2)(z) = f1(z)f2(z),
• the unit 1l : C→ H defined by 1l(λ)(z) = λ,
• the coproduct ∆ : H → H⊗̂τH defined by ∆f(z1, z2) = f(z1z2),
• the counit ε : H → C defined by ε(f) = f(0),
• the antipode S : H → H defined by Sf(z) = f(−z),
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where fi ∈ H, zi ∈ Rm|n, λ ∈ C. These operations satisfy the useful axioms of Hopf algebra,
taking into account that the flip σ12 : H ⊗H → H ⊗H is defined by
σ12(f1 ⊗ f2) = (−1)|f1||f2|f2 ⊗ f1 (2.11)
because of the grading. This means that for f ∈ H⊗̂τH, σ12f(z, z′) = f(z′, z).
Proposition 2.11 H = B(Rm|n) is a Z2-graded supercommutative Fre´chet-Hopf algebra for
the topological tensor product τ .
Proof Due to the explicit expression of the coproduct
∆(f)(x1, ξ1;x2, ξ2) =
∑
I,J
ε(I, J)fI∪J(x1 + x2)ξI1ξ
J
2
obtained by an expansion on the odd variables and by (2.1), we have ∀f ∈ B(Rm|n),
τα,β(∆(f)) = sup
x1,x2∈Rm
{
∑
I,J
|ε(I, J)Dαx1Dβx2fI∪J(x1 + x2)|} ≤ 2n|f |α+β,
which shows the continuity of ∆ : H → H⊗̂τH. The continuity of the other operations can be
proved in the same way. The algebraic properties between operations are the same as in the
non-graded setting except (S ⊗ S)∆ = σ12∆S involving the flip (2.11). It can be showed that
σ12∆(f)(x1, ξ1;x2, ξ2) = ∆(f)(x2, ξ2;x1, ξ1) = ∆(f)(x1, ξ1;x2, ξ2),
because Rm|n is Abelian. Then, we have
(S ⊗ S)∆(f)(x1, ξ1;x2, ξ2) = f(−x1 − x2,−ξ1 − ξ2) = σ12∆S(f)(x1, ξ1;x2, ξ2). 
Remark 2.12 Note that C∞(Rm|n) is also a Fre´chet-Hopf algebra (see [9] in the non-graded
setting). Since it is nuclear contrary to B(Rm|n), this structure is independent of the choice of the
topological tensor product. In this paper, we consider B(Rm|n) for the deformation quantization
since C∞(Rm|n) is too large for the star-product to be defined on it (see section 2.2). B(Rm|n)
is not nuclear but we will see that the tensor products τ and pi (needed for representations) are
compatible in a certain sense. We could of course have considered a smaller nuclear subalgebra
like the Schwartz algebra S(Rm|n) - see [8] in the non-graded setting - but then the coproduct
does not stabilize this algebra and we have to see it as valued in (the tensor product of) the
multiplier algebra of S(Rm|n). See also [30] for another framework (bornological vector spaces)
adapted to quantum groups. 
Let us present the dual version of the universal deformation formula studied in section 2.3,
which will lead to the external symmetries. As before, we consider the Fre´chet-Hopf algebra
H = B(Rm|n) associated to the supergroup Rm|n. The reformulation of the action ρ in this
context will be done by the notion of H-comodule algebras (see Definition 2.10). To this aim,
we need the following intermediate result.
Lemma 2.13 The topological tensor product τ is compatible with the projective one pi, in the
sense that the flip
σ23 : (A⊗̂τH)⊗̂pi(A⊗̂τH)→ (A⊗̂piA)⊗̂τ (H⊗̂τH),
defined by σ23(a1 ⊗ f1 ⊗ a2 ⊗ f2) = a1 ⊗ a2 ⊗ f1 ⊗ f2, is continuous, for any Fre´chet algebra
(A, |·|j).
9
Proof For ai, bi ∈ A and fi, gi ∈ H, due to the expressions (2.7) and (2.10) of the seminorms
of pi and τ , one has
pij,α;k,β(
∑
i
ai ⊗ fi ⊗ bi ⊗ gi) = inf
∑
i
τj,α(ai ⊗ fi)τk,β(bi ⊗ gi)
= inf
∑
i
sup
x,y∈Rm
∑
I,J
|ai|j |Dαfi,I(x)||bi|k|Dβgi,J(y)|.
Moreover,
τj,k;α,β(σ23(
∑
i
ai ⊗ fi ⊗ bi ⊗ gi)) = sup
x,y∈Rm
∑
I,J
pij,k(
∑
i
(ai ⊗ bi)Dαfi,I(x)Dβgi,J(y))
= sup
x,y∈Rm
∑
I,J
inf
∑
i
|ai|j |bi|k|Dαfi,I(x)||Dβgi,J(y)|.
Since ∀x, y ∈ Rm,
inf
∑
i
|ai|j |bi|k|Dαfi,I(x)||Dβgi,J(y)| ≤ inf
∑
i
sup
x,y∈Rm
|ai|j |bi|k|Dαfi,I(x)||Dβgi,J(y)|,
there exists a constant 1 ≤ C ≤ 2n+1 such that
τj,k;α,β(σ23(
∑
i
ai ⊗ fi ⊗ bi ⊗ gi)) ≤ C pij,α;k,β(
∑
i
ai ⊗ fi ⊗ bi ⊗ gi),
which proves the continuity of σ23. 
Proposition 2.14 The action ρ of Rm|n on a Fre´chet algebra (A, µ0) with axioms of section
2.3, generates the continuous coaction χ : A∞ → A∞⊗̂τH defined by
∀a ∈ A∞, ∀z ∈ Rm|n : χ(a)(z) := ρz(a).
Then (A∞, µ0) is an H-comodule algebra, with ⊗̂AH := ⊗̂τ and ⊗̂AA := ⊗̂pi.
Proof Since ρ is a group action and that ∀z ∈ Rm|n, ρz : (A ⊗ A) → (A ⊗ A) is an algebra-
morphism, we deduce that χ satisfies the axioms of a coaction:
(id⊗∆)χ = (χ⊗ id)χ, (id⊗ ε)χ = id.
Thus, A∞ is an algebraic H-comodule algebra:
(µ0 ⊗ µ)σ23(χ⊗ χ) = χµ0, (2.12)
where µ0 : A
∞⊗̂piA∞ → A∞ corresponds to the undeformed product of A and σ23 is the flip
of Lemma 2.13 for the algebra A∞. Let a be in A∞; we then have χ(a) ∈ A∞⊗̂τB(Rm|n) '
BA∞(Rm|n), so
τj,α;β(χ(a)) = sup
y∈Rm
∑
I
|Dβρy(a)I |j,α = sup
y,y′
∑
I,J
|Dαy′ρy′(Dβy ρy(a)I)J |j .
By using (2.9), we obtain
τj,α;β(χ(a)) = sup
y,y′
∑
I,J
|ε(I, J)Dαy′Dβy ρy+y′(a)I∪J |j ,
which shows that there exists C > 0 such that τj,α;β(χ(a)) ≤ |a|j,α+β, i.e. χ is continuous.
Note that the flip σ23 is continuous due to the compatibility of the topological tensor products
τ and pi showed in Lemma 2.13. Indeed, all the maps involved in Equation (2.12) have to be
continuous in order for A∞ to be a comodule-algebra of the Fre´chet-Hopf algebra H. 
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Now, the algebra (A∞, µ0) can be deformed by the twist F defined in (2.6) in such a way
(A∞, µF = µ0F ) is a Fre´chet algebra. The universal deformation formula constructed before
provides therefore a deformation of the category of the H-comodule algebras. Of course, once
deformed, there is a priori no reason for (A∞, µF ) to be again an H-comodule algebra.
Definition 2.15 Given a twist F which deforms the category of comodule-algebras (A, µ0) of a
given Fre´chet-Hopf algebra H, we call external symmetries of the twist the Fre´chet-Hopf algebra
HF for which any deformed algebra (A, µF ) is an HF -comodule-algebras. 
In the non-graded setting and formally in the deformation parameter, there is a way to obtain
the external symmetries HF from H and the twist F [12, 13]. This has been extended to non-
formal deformations of a large class of solvable Lie groups in [8]. Let us describe this process
for such a Lie group G and where H denotes (a closed subclass of) C∞(G) with its Hopf algebra
structure. If the non-formal twist of G on algebras A, where G acts by ρ, has the form
F =
∫
G×G
dx1dx2 e
− 2i
θ
S(x1,x2)A(x1, x2)ρx1 ⊗ ρx2 ,
where S and A are the phase and amplitude of the deformation quantization, then we can
consider the left L and right R actions of G on itself to obtain maps C∞(G)⊗ˆC∞(G) →
C∞(G)⊗ˆC∞(G):
FL =
∫
G×G
dx1dx2 e
− 2i
θ
S(x1,x2)A(x1, x2)R
∗
x1 ⊗R∗x2 ,
FR =
∫
G×G
dx1dx2 e
− 2i
θ
S(x1,x2)A(x1, x2)L
∗
(x1)−1 ⊗ L(x2)−1 . (2.13)
To obtain the external symmetries of F , the product µ of H has to be twisted [8] into: µQG :=
FL◦FR ◦µ, which is compatible with the undeformed coproduct ∆. Thus, (a subclass of) C∞(G)
with µQG and ∆ is the topological Hopf algebra corresponding to the external symmetries.
In the graded setting, the construction has not been provided in general. However, for
the supergroup Rm|n, we can see that the external symmetries of the deformation of Rm|n are
H = (B(Rm|n), µ,∆) without twisting its product.
Proposition 2.16 (A∞, µF ) is an H-comodule algebra.
Proof The only remaining condition to check is (µF ⊗ µ)σ23(χ ⊗ χ) = χµF . For a, b ∈ A∞
and z ∈ Rm|n,
χµF (a⊗ b)(z) = κ
∫
dz1dz2e
− 2i
θ
ω(z1,z2)ρz(ρz1(a)ρz2(b))
(µF ⊗ µ)σ23(χ⊗ χ)(a⊗ b)(z) = κ
∫
dz1dz2e
− 2i
θ
ω(z1,z2)ρz1ρz(a)ρz2ρz(b).
Since ρz is an algebra-morphism, ρ a group action and Rm|n an Abelian supergroup, we obtain
that χµF (a⊗ b)(z) = (µF ⊗ µ)σ23(χ⊗ χ)(a⊗ b)(z). 
Note that (B(Rm|n), µF = µ ◦F,∆) is not a Hopf algebra anymore: the deformed product µF is
not compatible with the undeformed coproduct ∆.
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3 Construction of quantum supergroups
3.1 Definition of a Fre´chet quantum supergroup
In Definition 2.15, we saw that external symmetries of the deformation quantization of actions
of a Lie group on Fre´chet algebras correspond to a deformation of the Fre´chet-Hopf algebra
associated to the Lie group by using (2.13). It forms a quantum group.
In the case of Rm|n, we saw in Proposition 2.16 that the external symmetries of the twist F
correspond to the group Rm|n itself (i.e. the undeformed Hopf algebra H = B(Rm|n)), because
Rm|n is Abelian. However, to anticipate what could be the external symmetries of a more general
supergroup, we have to introduce the new notion of quantum supergroup. Taking into account
the nature of external symmetries, we see that this notion has to correspond to a topological
graded Hopf algebra, but is not supercommutative in general.
Definition 3.1 We define a Fre´chet quantum supergroup to be a Fre´chet-Hopf algebra (see
Definition 2.10), for a given topological tensor product, with a Z2-grading and for which the
algebraic operations - product, unit, coproduct, counit and antipode - respect this grading, i.e.
are homogeneous maps of degree 0. 
There exist in the literature other definitions of quantum supergroups, as there are differ-
ent notions of quantum groups - related to topological Hopf algebras or using deformations of
universal enveloping algebras of Lie algebras. In particular, the purely algebraic version of Def-
inition 3.1 corresponds exactly to the notion of quantum supergroup in [22]. But here, we place
ourselves in the context of topological Hopf (super)-algebras. Note also that we do not assume
that the Fre´chet-Hopf algebra has to be nuclear (see Remark 2.12).
Remark 3.2 In the case of Rm|n, the definition of a supergroup given by Kostant [21] is equiv-
alent to the data of the sheaf C∞ or B assuming that C∞(Rm|n) or B(Rm|n) is a Z2-graded
commutative Fre´chet-Hopf algebra. We can notice indeed that the conditions in [21] of smooth-
ness on the coproduct and the antipode are equivalent to continuity conditions for the Fre´chet
structure. This is why Definition 3.1 is an extension of Kostant’s definition of a supergroup to
the quantum level, omitting the supercommutativity condition. 
Following again the analogy with external symmetries of the deformation quantization of
Rm|n, we introduce the representations of a Fre´chet quantum supergroup.
Definition 3.3 A representation of a given Fre´chet quantum supergroup H is a Z2-graded
comodule-algebra A of H (see Definition 2.10) such that the continuous coaction A→ A⊗̂AHH
is homogeneous of degree 0. 
3.2 The Clifford algebra
In this section, we consider the simplest example of Clifford algebra, for which we present the
structure of (Fre´chet) quantum supergroup. The Clifford algebra can be seen as a deformation
quantization of the superspace R0|n: ∀f1, f2 ∈ C∞(R0|n),
(f1 ? f2)(ξ) = κ
∫
dξ1dξ2 f1(ξ1 + ξ)f2(ξ2 + ξ)e
− 4i
θ
ξ1ξ2 ,
for ξ ∈ R0|n. The above star-product corresponds actually to (2.2) for m = 0. We set H :=
C∞(R0|n) and we can endow it with the norm ‖f‖ := ∑I |fI | for I to be summed over the parts
of {1, . . . , n}. On this finite-dimensional space, any other norm would have been equivalent so
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that we do not look anymore at the topology of this example. H is associative, with unit 1. As
generators, we takeei := ξ
i with ξ = (ξ1, . . . , ξn) ∈ R0|n. Since
ei ? ej = eiej +
iθ
4
δij ,
we have the following relations of Cl(n,C):
ei ? ej + ej ? ei =
iθ
2
δij .
If θ = −4i, we can endow H [1] with a structure of quantum supergroup:
• Coproduct: ∆(ei) := ei ⊗ ei,
• Counit: ε(ei) := 1,
• Antipode: S(ei) := ei,
• Product on tensors: (ei ⊗ ej) ? (ek ⊗ el) := σjk(ei ? ek)⊗ (ej ? el),
with σij = 1 if i ≤ j and σij = −1 if i > j. Note that σij is a Schur multiplier of the group Zn2
for which the algebra Cl(n,C) is Zn2 -graded commutative [16]. A corresponding Kac-Takesaki
operator would be given by W (ei ⊗ ej) := ei ⊗ (ei ? ej).
3.3 Examples of solvable Fre´chet quantum supergroups
Let us now construct other examples of Fre´chet quantum supergroups, which are deformation
of solvable Lie supergroups. These are consistent extensions of [25] to the graded setting. We
consider a (1|0)-dimensional split extension of the symplectic superspace (Rm|n, ω) of Definition
2.1. Let indeed pi : R1|0 → Sp(Rm|n, ω) be a symplectic representation of R1|0 on Rm|n, homo-
geneous of degree 0. It can be written as pi =
(
pi0 0
0 pi1
)
(square matrix of size m+ n). We also
assume each matrix coefficient of pi to be smooth with respect to the variable a ∈ R1|0. Then,
the split extension is of the form G := R1|0 npi Rm|n with supergroup law:
(a, x, ξ)·(a′, x′, ξ′) = (a+ a′, pi0(a′)x+ x′, pi1(a′)ξ + ξ′) . (3.1)
Here a ∈ R1|0, x ∈ Rm|0 and ξ ∈ R0|n. We use the natural action of Rm|n on G together with
the universal deformation formula of Proposition 2.7 to deform the product of functions on G
as
(f1?f2)(a, x, ξ) = κ(a)
∫
dx1dξ1dx2dξ2 f1(a, x1+x, ξ1+ξ)f2(a, x2+x, ξ2+ξ)e
− 2i
a
(ω0(x1,x2)+2ξ1ξ2)
(3.2)
with κ(a) = (−1)n(n+1)2 (ia)n4n(pia)m . Note that we used the extension variable a as the deformation
parameter. This will be crucial to define a consistent coproduct. We define H to be the space
of smooth superfunctions on G that are bounded with every derivative bounded in the variables
(x, ξ) ∈ Rm|n:
H := C∞(R1|0)⊗̂B(Rm|n).
The standard Fre´chet structure of H is defined by the seminorms
|f |α,K,β = sup
a∈K,x∈Rm
{
∑
I
|DαaDβxfI(a, x)|} (3.3)
for K compact of R = B(R1|0), α ∈ N and β ∈ Nm.
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Proposition 3.4 Endowed with the star-product (3.2) and the seminorms (3.3), H is a unital
associative Fre´chet superalgebra.
Proof What remains to prove here is the continuity of the star-product (3.2). Let f1, f2 ∈ H,
K compact of R, α ∈ N and β ∈ Nm. First we perform a change of variable: x1 7→ ax1
in the expression of |f1 ? f2|α,K,β. Then, we can estimate this expression by expanding the
superfunctions f1 and f2 along the odd variables in (3.2) and integrate over these odd variables,
and also apply operators (2.8) inside the integrals. Thus for k1, k2 ∈ N, there exist functions
bγ1 , b
δ
2 ∈ B(Rm) such that
|f1 ? f2|α,K,β ≤ 1
4npim
sup
a∈K,x∈Rm
∑
I,J,γ,δ,τ,ν,µ
∫
dx1dx2
1
(1 + x21)
k1(1 + x22)
k2
|bγ1(x1)bδ2(x2)|
|a||µ||DτaDγx(f1)I(a, x+ ax1)||DνaDδx(f2)J(a, x+ x2)|
where I, J are summed over {1, . . . , n} with some conditions; τ, ν, µ over N with τ + ν ≤ α and
µ ≤ |γ|; γ, δ over Nm with |γ| ≤ |β| + 2k1 and |δ| ≤ |β| + 2k2. For an adapted choice of k1, k2,
it means that there exists a constant C > 0 such that
|f1 ? f2|α,K,β ≤ C
∑
γ,δ,τ,ν
|f1|τ,K,γ |f2|ν,K,δ
where the sum is finite. This proves the continuity of the star-product. 
We then consider the coproduct, counit and antipode coming from the (undeformed) super-
group structure of G:
• the coproduct ∆ : H → H⊗̂H defined by ∆f(g, g′) = f(g·g′) for g, g′ ∈ G and the
supergroup law (3.1),
• the counit ε : H → C defined by ε(f) = f(0, 0, 0),
• the antipode S : H → H defined by Sf(g) = f(g−1), with f ∈ H and (a, x, ξ)−1 =
(−a,−pi0(−a)x,−pi1(−a)ξ).
We note µ : H⊗̂H → H the star-product: µ(f1 ⊗ f2) := f1 ? f2.
Theorem 3.5 (H,µ, 1,∆, ε, S) is a Fre´chet quantum supergroup.
Proof We know from Proposition 3.4 that (H, ?, 1) is a Fre´chet superalgebra. Let us show first
that the coproduct is continuous. For f ∈ H, (a, x, ξ), (a′, x′, ξ′) ∈ G, the coproduct takes the
form
∆(f)(a, x, ξ, a′, x′, ξ′) =
∑
I,J,L
ε(I, J)fI∪J(a+ a′, pi0(a′)x+ x′)(pi1(a′))ILξL(ξ′)J
with some constraints on I, J, L, and ε(I, J) given by (2.1). Then,
|∆(f)|α,K,β;α′,K′,β′ ≤ sup
a∈K, a′∈K′, x,x′∈Rm
∑
I,J,L
|DαaDα
′
a′D
β
xD
β′
x′ fI∪J(a+ a
′, pi0(a′)x+ x′)(pi1(a′))IL|
≤ C
∑
τ,γ
|f |τ,K′′,γ
where K ′′ is a compact containing {a + a′, a ∈ K, a′ ∈ K ′}, τ ≤ α + α′, |γ| ≤ |β| + |β′|,
and C a constant depending in particular on the smooth matrix coefficients of pi and their
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derivatives. This proves that ∆ is continuous. In the same way, the counit ε and the antipode
S are continuous.
Let us show that ∆ is an algebra morphism for the star-product. For f1, f2 ∈ H, we have
∆(f1?f2)(a, x, ξ, a
′, x′, ξ′) = κ(a+a′)
∫
dx1dξ1dx2dξ2 f1
(
a+a′, x1+pi0(a′)x+x′, ξ1+pi1(a′)ξ+ξ′
)
f2
(
a+ a′, x2 + pi0(a′)x+ x′, ξ2 + pi1(a′)ξ + ξ′
)
e
− 2i
a+a′ (ω0(x1,x2)+2ξ1ξ2)
Besides,
∆(f1) ?∆(f2)(a, x, ξ, a
′, x′, ξ′) = κ(a)κ(a′)
∫
dx1dξ1dx2dξ2dx
′
1dξ
′
1dx
′
2dξ
′
2
f1
(
a+ a′, pi0(a′)(x1 + x) + x′1 + x
′, pi1(a′)(ξ1 + ξ) + ξ′1 + ξ
′)e− 2ia (ω0(x1,x2)+2ξ1ξ2)
f2
(
a+ a′, pi0(a′)(x2 + x) + x′2 + x
′, pi1(a′)(ξ2 + ξ) + ξ′2 + ξ
′)e− 2ia′ (ω0(x′1,x′2)+2ξ′1ξ′2).
The sign of the star-product of elements of H⊗̂H coming from the flip (2.11) has been taken
into account. We perform the change of variables: x′′i = x
′
i + pi0(a
′)xi, ξ′′i = ξ
′
i + pi1(a
′)ξi. By
using the identity
∫
dξ ecξξ
′
= (−1)n(n−1)2 cn(ξ′){1,...,n}, we can integrate over x1, ξ1, obtaining
∆(f1) ?∆(f2)(a, x, ξ, a
′, x′, ξ′) = (−4i)n(−1)n(n+1)2 pimκ(a)κ(a′)
∫
dx2dξ2dx
′′
1dξ
′′
1dx
′′
2dξ
′′
2
δ
(a+ a′
aa′
x2− 1
a′
pi0(a
′)∗x′′2
)(a+ a′
aa′
ξ2− 1
a′
pi1(a
′)∗ξ′′2
){1,...,n}
f1
(
a+a′, x′′1+pi0(a
′)x+x′, ξ′′1pi1(a
′)ξ+ξ′
)
f2
(
a+ a′, x′′2 + pi0(a
′)x+ x′, ξ′′2 + pi1(a
′)ξ) + ξ′
)
e−
2i
a′ (ω0(x
′′
1 ,x
′′
2−pi0(a′)x2)+2ξ′′1 (ξ′′2−pi1(a′)ξ2)).
In the previous step, we used the fact that pi is a symplectic representation, i.e. ω(pi0(a)x, pi0(a)y) =
ω0(x, y) and (pi1(a)ξ)(pi1(a)η) = ξη. Moreover we denote pi0(a)
∗ := ω−10 pi0(a)
Tω0 and pi1(a)
∗ :=
pi1(a)
T . If we now perform the Dirac integration on x2, ξ2, we obtain
∆(f1) ?∆(f2)(a, x, ξ, a
′, x′, ξ′) = ∆(f1 ? f2)(a, x, ξ, a′, x′, ξ′).
All the other algebraic identities are the same as in the undeformed case except µ(id ⊗ S)∆ =
1⊗ ε = µ(S ⊗ id)∆. For this, we compute
µ(id⊗ S)∆(f)(a, x, ξ) =
κ(a)
∫
dx1dξ1dx2dξ2 f(0, pi0(−a)(x1 − x2), pi1(−a)(ξ1 − ξ2))e− 2ia (ω0(x1,x2)+2ξ1ξ2) = ε(f). 
We can now exhibit the analog of Kac-Takesaki operator W : H⊗̂H → H⊗̂H associated
to this quantum supergroup, also called multiplicative unitary in the non-graded context. It is
defined [3, 32] as ∀a, b ∈ H,
W (a⊗ b) := (∆a) ? (1⊗ b) = a(1) ⊗ (a(2) ? b), (3.4)
in the Sweedler notations of the coproduct. Its explicit expression is given by ∀f ∈ H⊗̂H,
W (f)(a, x, ξ, a′, x′, ξ′) = κ(a′)
∫
dx1dξ1dx2dξ2 e
− 2i
a′ (ω0(x1,x2)+2ξ1ξ2)
f
(
a+ a′, x1 + pi0(a′)x+ x′, ξ1 + pi1(a′)ξ + ξ′, a′, x2 + x′, ξ2 + ξ′
)
. (3.5)
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Proposition 3.6 The Kac-Takesaki operator (3.5) is a continuous operator W : H⊗̂H →
H⊗̂H homogeneous of degree 0, and it satisfies the pentagonal relation
W12W13W23 = W23W12.
Proof Indeed, as W = (µ⊗µ)σ23(∆⊗1⊗id), it is continuous. To prove the pentagonal relation
where involved signs are different from the non-graded case, we use Sweedler notations for the
coproduct since its coassociativity has been showed in Theorem 3.5. On the left side,
W12W13W23(a⊗ b⊗ c) = (−1)|a(3)||b(1)|a(1) ⊗ (a(2) ? b(1))⊗ (a(3) ? b(2) ? c),
where the sign appears because of the action of W13 = (µ⊗ id⊗µ)σ24(∆⊗ id⊗ 1⊗ id) and with
σ24(a1 ⊗ a2 ⊗ a3 ⊗ a4 ⊗ a5) = (−1)|a2|(|a3|+|a4|)+|a3||a4|a1 ⊗ a4 ⊗ a3 ⊗ a2 ⊗ a5.
On the right side,
W23W12(a⊗ b⊗ c) = (−1)|a(3)||b(1)|a(1) ⊗ (a(2) ? b(1))⊗ (a(3) ? b(2) ? c),
where we used ∆(a ? b) = ∆(a) ?∆(b) = (−1)|a(2)||b(1)|(a(1) ? b(1))⊗ (a(2) ? b(2)) due to Theorem
3.5. 
Remark 3.7 For the Lebesgue-Berezin measure on Rm|n, we can define a “natural” superher-
mitian (not positive definite) scalar product
〈f1, f2〉 :=
∫
dxdξ f1(x, ξ)f2(x, ξ)
and a hermitian positive definite one
(
f1, f2
)
:= 〈f1, ∗f2〉 by using the Hodge operation
∗
∑
I
fI(x)ξ
I :=
∑
I
ε(I, {I)fI(x)ξ{I .
Taking into account the right-invariant measure
dR(a, x, ξ) =
1
sdet(pi(a))
d(a, x, ξ) =
detpi1(a)
detpi0(a)
dadxdξ
on G, it is a straightforward computation using (3.5) to check that∫
dR(a, x, ξ)dR(a′, x′, ξ′) W (f1)(a, x, ξ, a′, x′, ξ′)W (f2)(a, x, ξ, a′, x′, ξ′)
=
∫
dR(a, x, ξ)dR(a′, x′, ξ′) f1(a, x, ξ, a′, x′, ξ′)f2(a, x, ξ, a′, x′, ξ′)
for f1, f2 ∈ (H⊗̂H) ∩ L2(G × G). This means that the operator W is superunitary for the
superhermitian scalar product associated to L2(G×G,dRg ⊗ dRg′)
〈W (f1),W (f2)〉 = 〈f1, f2〉,
which is not true for the positive definite scalar product
(·, ·). W is a “multiplicative superuni-
tary” rather than a multiplicative unitary. 
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3.4 Fre´chet quantum supergroups with supertoral subgroups
In this section, we will follow the philosophy of [26] to construct deformation of compact Lie
supergroups with supertoral subgroups. Let G be a compact connected Lie supergroup (i.e. its
body BG is compact connected) with Γ := Tm|n a supertoral subgroup of G. We assume that
m is even so that the symplectic superspace (Rm|n, ω) (see Definition 2.1) is the Lie algebra of
Γ. We note
z = (x, ξ) ∈ Rm|n 7→ ez = e(x,ξ) ∈ G
the exponential restricted to this Lie algebra. Note that C∞(G) ' C∞(BG)⊗∧Rn is a Fre´chet
superalgebra for the supercommutative pointwise product (see below Definition 2.4) and the
seminorms
|f |α,K = sup
g∈K, |ν|≤α
{
∑
I
|DνfI(g)|}, (3.6)
for K compact subset of a coordinate chart of BG, α ∈ N and Dν a multi-derivation of order |ν|
for even coordinates. The action ρ : Rm|n × Rm|n × C∞(G)→ C∞(G), defined by
∀z, z′ ∈ Rm|n, ∀g ∈ G : ρ(z,z′)f(g) := f
(
e−zgez
′)
,
allows to deform the pointwise product into the star-product
(f1 ? f2)(g) = κ
2
∫
dz1dz3dz2dz4 f1(e
−z1gez3)f2(e−z2gez4)e−
2i
θ
(ω(z1,z2)−ω(z3,z4)), (3.7)
with κ = (−1)n(n+1)2 (iθ)n4n(piθ)m , for g ∈ G and for any f1, f2 ∈ C∞(G). Note that the underlying
symplectic space is (Rm|n, ω)⊕ (Rm|n,−ω) where the minus sign, which can also be found in the
phase of the star-product, will be crucial. We note H := C∞(G).
Proposition 3.8 Endowed with the star-product (3.7) and the seminorms (3.6), H is a unital
associative Fre´chet superalgebra.
Proof Associativity is a consequence of the universal deformation formula. Let us check that
the star-product is continuous. Then, we use the same method as in the proof of Proposition 3.4
and we get that for ki ∈ N, there exist functions bγii ∈ B(Rm) and a constant C > 0 (depending
on θ) such that
|f1 ? f2|α,K ≤ C sup
g∈BK
∑
I,J,γi,νi
∫
dx1dx3dx2dx4
|cν1,ν2 |
(1 + x21)
k1(1 + x22)
k2(1 + x23)
k3(1 + x24)
k4
|bγ11 (x1)bγ22 (x2)bγ33 (x3)bγ44 (x4)||Dν1g Dγ1x1Dγ3x3((f1)I(e−θx1gex3))||Dν2g Dγ2x2Dγ4x4((f2)J(e−θx2gex4))|
where I, J are summed over {1, . . . , n} with some conditions; and νi, γi are such that ν1+ν2 ≤ α
and |γi| ≤ 2ki. It follows that there exists a constant C ′ > 0 and a compact K ′ of BG containing
{B(e−z1gez2), g ∈ K, zi ∈ Γ} such that
|f1 ? f2|α,K ≤ C ′
∑
τ,ν
|f1|τ,K′ |f2|ν,K′
where the sum is finite. Therefore, the star-product is continuous. 
Let us endow H with the following (undeformed) operations:
• the coproduct ∆ : H → H⊗̂H defined by ∆f(g, g′) = f(g·g′) for g, g′ ∈ G,
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• the counit ε : H → C defined by ε(f) = f(eG), with eG the neutral element of G,
• the antipode S : H → H defined by Sf(g) = f(g−1), with f ∈ H.
We denote by µ : H⊗̂H → H the star-product: µ(f1 ⊗ f2) := f1 ? f2.
Theorem 3.9 (H,µ, 1,∆, ε, S) is a Fre´chet quantum supergroup.
Proof First, we check the compatibility between the coproduct and the product. Set f1, f2 ∈
H.
∆(f1 ? f2)(g, g
′) = κ2
∫
dz1dz3dz2dz4 f1(e
−z1gg′ez3)f2(e−z2gg′ez4)e−
2i
θ
(ω(z1,z2)−ω(z3,z4)).
Then, as in the previous section, we want to compute
∆(f1) ?∆(f2)(g, g
′) = κ4
∫
dz1dz3dz2dz4dz
′
1dz
′
3dz
′
2dz
′
4 f1(e
−z1gez3−z
′
1g′ez
′
3)
f2(e
−z2gez4−z
′
2g′ez
′
4)e−
2i
θ
(ω(z1,z2)−ω(z3,z4)+ω(z′1,z′2)−ω(z′3,z′4)).
For this, we change the variables z′′3 = z3 − z′1, z′′4 = z4 − z′2 and we perform the integration on
z′1, z′2. After simplification, it gives the compatibility:
∆(f1) ?∆(f2)(g, g
′) = ∆(f1 ? f2)(g, g′).
Let us show for example the identity µ(id⊗ S)∆ = 1⊗ ε. Indeed,
µ(id⊗ S)∆(f)(g) = κ2
∫
dz1dz3dz2dz4 f
(
e−z1gez3(e−z2gez4)−1
)
e−
2i
θ
(ω(z1,z2)−ω(z3,z4))
= κ(−1)n
∫
dz1dz2f(e
−z1gg−1ez2)e−
2i
θ
ω(z1,z2) = f(eG).
For the continuity of the coproduct, we need to choose a global odd coordinate system {η} on
G since it is a trivial supermanifold (see Definition 2.4). Then, the coproduct can be expressed
as
∆(f)(g, g′) = f(g·g′) =
∑
I,J,L
cI,J,LfL((Bg)(Bg′))ηI(η′)J
if g = (Bg, η), g′ = (Bg′, η′), and by denoting cI,J,L some coefficients related to the group law of
G and independent of f . Thus, we have the estimate
|∆(f)|α,K;α′,K′ ≤ sup
g∈K, g′∈K′, |ν|≤α, |ν′|≤α′
∑
I,J,L
|cI,J,L||DνgDν
′
g′ fL(g·g′)| ≤ C
∑
τ
|f |τ,K′′ ,
where K ′′ is a compact subset of BG containing {g·g′, g ∈ K, g′ ∈ K ′}, τ ≤ α + α′, and C a
constant depending in particular on cI,J,L and on the (smooth) modular function of G and its
derivatives. So, the coproduct is continuous, as well as the other operations. 
Proposition 3.10 The subgroup Γ ⊂ G is not deformed in H. This means that Γ = Tm|n is a
subgroup of the quantum supergroup (H,µ, 1,∆, ε, S).
Proof The coproduct is indeed not deformed. For the product, we can see that ∀g ∈ Γ,
∀f1, f2 ∈ H,
(f1 ? f2)(g) = κ
2
∫
dz1dz3dz2dz4 f1(ge
z3−z1)f2(gez4−z2)e−
2i
θ
(ω(z1,z2)−ω(z3,z4))
since Γ is Abelian. By performing the change of variables z1 7→ z1 + z3, z2 7→ z2 + z4 and
integrating over z3, z4, we find (f1 ? f2)(g) = f1(g)f2(g). So, C∞(Γ) is not deformed in H. 
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The analog of Kac-Takesaki operator, defined in (3.4), has in this context the expression
W (f)(g, g′) = κ2
∫
dz1dz3dz2dz4 f(e
−z1gg′ez3 , e−z2g′ez4)e−
2i
θ
(ω(z1,z2)−ω(z3,z4)), (3.8)
for f ∈ H⊗̂H. As in Proposition 3.6, we can show that it is a continuous operator W : H⊗̂H →
H⊗̂H homogeneous of degree 0 and that it satisfies the pentagonal equation
W12W13W23 = W23W12.
Moreover if G is unimodular, a computation analog as in Remark 3.7 proves that W is supe-
runitary for the superhermitian scalar product canonically associated to L2(G × G): ∀f1, f2 ∈
(H⊗̂H) ∩ L2(G×G),
〈W (f1),W (f2)〉 = 〈f1, f2〉.
We finally give an explicit example of Fre´chet quantum supergroup with a supertoral sub-
group. For this, we will present the special linear supergroup in low dimension. We need to
recall what supermatrices are.
Definition 3.11 A square supermatrix A of size (m|n) is a matrix with coefficients in A (see
section 2.1) and of the form
A =
(
A00 A01
A10 A11
)
where A00 is an m ×m matrix with entries in A0, A01 is an m × n matrix with entries in A1,
A10 is an n×m matrix with entries in A1, and A11 is an n× n matrix with entries in A0. 
The set of square supermatrices of size (m|n) is a superalgebra for the standard addition and
multiplication. We denote by GL(m|n) the supergroup of invertible square supermatrices of size
(m|n). Finally, we define the Berezinian (or superdeterminant) of a supermatrix A by:
Ber(A) = det(A00 −A01A−111 A10) det(A−111 ).
Now the special linear supergroup is defined as
SL(m|n) := {A ∈ GL(m|n), Ber(A) = 1}.
Restricted to dimension m|n = 1|1, this supergroup contains the elements
g =
(
a β
γ d
)
with a, d ∈ A0, β, γ ∈ A1 such that a = d + 1dβγ. We see directly that SL(1|1) contains two
supertoral subgroups generated by β ∈ T0|1 and γ ∈ T0|1. We can choose for example to consider
the deformation using the supertorus generated by β, and we want to see if this deformation
is not trivial. For this, we compute the explicit expression of the star-product (3.7): for any
f1, f2 ∈ C∞(SL(1|1)),
(f1 ? f2)(g) = f1(g)f2(g) +
iθ
2
aγ(∂βf1(g)∂df2(g)− ∂df1(g)∂βf2(g))
+
iθ
2
dγ(∂βf1(g)∂af2(g)− ∂af1(g)∂βf2(g)) + iθ
2
(d2 − a2)∂βf1(g)∂βf2(g).
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We see that already by taking a supertoral subgroup of dimension 0|1 we can produce a non-
trivial Fre´chet quantum supergroup, deformation of SL(1|1). Note that this associative star-
product stops at the finite level θ because only odd variables are involved in the deformation.
This is a simple example that shows how such a construction can be useful in concrete cases.
Of course, it applies on a large class of supergroups for which explicit expressions can be much
more complicated.
Acknowledgements: The author thanks Pierre Bieliavsky, Philippe Bonneau and Gijs Tuyn-
man for interesting discussions on this work.
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